Abstract. We show that there is an abelian group structure on the orbit set of "squares" of unimodular rows of length n over a commutative ring of stable dimension d when d = 2n − 3, n odd and also an abelian group structure on the orbit set of "fourth powers" of unimodular rows of length n over a commutative ring of stable dimension d when d = 2n − 3, n even.
Introduction

L.N. Vaserstein established in
a Witt group structure on the orbit space Um 3 (A)/E 3 (A) of unimodular rows modulo the elementary subgroup, when A has stable dimension two. (Here the stable dimension of R is one less than the stable rank of R, where stable rank is as defined in [2] , Chapter 5, §3.)
If R = C(X) is the ring of continuous real valued functions on a topological space X, then every unimodular row v ∈ Um n (C(X)), n ≥ 2, determines a map arg(v) : X −→ R n \ {0} −→ S n−1 . (The first is by evaluation, and the second is the standard homotopy equivalence.) We thus get an element [arg(v)] of [X, S n−1 ]. (As n ≥ 2, we may ignore base points.) Clearly, vectors in the same elementary orbit define homotopic maps. Thus, we have a natural map Um n (C(X))/E n (C(X)) −→ [X, S n−1 ] = π n−1 (X). Note that J.F. Adams has shown that S n−1 is not an H-space (cf. [1] ), unless n = 1, 2, 4, or 8. It is classically known that this is equivalent to saying that there is no suitable way to multiply the two projection maps S n−1 × S n−1 in [S n−1 × S n−1 , S n−1 ]. However, under suitable restrictions on the "dimension" of X we may expect to define a product on π n−1 (X). Henceforth, let X be a finite CW-complex of dimension d ≥ 2. L.N. Vaserstein has shown in [18] that the ring C(X) has stable dimension d. Now let n ≥ 3, so that S n−1 will be at least 1-connected. By the Suspension Theorem, the suspension map S : [X; S n−1 ] −→ [SX; S n ] is surjective if d ≤ 2(n − 2) + 1, and bijective if d ≤ 2(n − 2). Moreover, we know that [SX; S n ] is an abelian group. Hence, the orbit space has a structure of an abelian group if d ≤ 2n − 4.
Inspired by the group structures on orbits of unimodular rows in the case of rings of continuous functions C(X) on a CW-complex X, W. van der Kallen was able to obtain similar results algebraically, in the same range. In [19, 20] W. van der Suslin matrix S r (v, w) (recalled in the preliminaries), is unclear and their properties unknown.
Preliminaries
All rings considered in this article are commutative with 1.
n is said to be unimodular if there exist some elements w 1 , w 2 , . . . , w n in R such that v 1 w 1 + v 2 w 2 + · · · + v n w n = 1. Um n (R) will denote the set of all unimodular rows v ∈ R n . The group of elementary matrices is a subgroup of Gl n (R), denoted by E n (R), and is generated by matrices of the form E ij (λ) = I n + λe ij , where λ ∈ R, i = j, e ij ∈ M n (R) whose ij-th entry is 1 and all other entries are 0.
E n (R) acts on Um n (R) in the natrual way:
We shall use the following observations:
. . , a n ).
Lemma 2.2 ([17], Lemma 4).
Let v = (a 1 , a 2 , . . . , a n ) be a unimodular row, for some n ≥ 3. Let m be a natural number. The previous lemma allows one to define
(Note that there is no sanctity to have the power in the first coordinate.) Lemma 2.3 ([13] , Lemma 1). Let (x 0 , . . . , x r ) ∈ Um r+1 (R), r ≥ 2, and let t be an element of R which is invertible mod(Rx
The Suslin matrix. Given two rows v, w ∈ R r+1 , A.A. Suslin in ( [14] , §5) gave an inductive process to construct the (Suslin) matrix S r (v, w). We recall this process:
In ( [14] , Lemma 5.1) it is noted that for r = 4k + 3 :
Definition. The Special Unimodular Vector group SUm r (R) is the subgroup of Sl 2 r (R) generated by the special Suslin matrices S r (v, w), for all v, w ∈ R r+1 , v, w = 1.
Definition. The Elementary Unimodular Vector group
EUm r (R) is the subgroup of SUm r (R) generated by the special Suslin matrices S r (v, w), with v ∈ e 1 E r+1 (R), and with v, w = 1.
Notation. For a matrix α ∈ M k (R), we define α top as the matrix whose entries are the same as that of α above the diagonal, and on the diagonal, and is zero below the diagonal. Similarly, we define α bot . 
Lemma 2.5 ([6], Lemma 2.1). The elementary orbit vE
coincides with the Cohn orbit of v, for r ≥ 2.
We now state the Key Lemma of [6] .
(The case when r = 1 is similar.)
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Lemma 2.7 ([8], Lemma 4.6). One has the following relations in EUm r (R): For
2 ≤ i = j ≤ r + 1, λ ∈ R, S r (e 1 E 1i (λ), e 1 ) top = S r (e 1 E 1j (λ),S r (e 1 E 1i (λ), e 1 ) top , S r (e 1 E 1i (λ), e 1 ) bot , S r (e 1 , e 1 E 1i (λ)) top , S r (e 1 , e 1 E 1i (λ)) bot , for 2 ≤ i ≤ r + 1, λ ∈ R, belong
to EUm r (R). Moreover they generate the group EUm r (R).
An involution * on SUm r (R), r even.
∨ is a well defined anti-involution on SUm r (R): By Suslin identities,
We shall denote α ∨ by α * to emphasize that it is independent of the splitting chosen.
The situation is different when r is odd. In this case one has
In ( [8] , §5) an example is given to show that α ∨ does depend (up to a unit factor u, with u 2 = 1) on the splitting chosen of α, when r is odd.
Remark 2.10. If one takes the splitting prescribed in Lemma 2.7, one gets the following: (b) is proved similarly. One only has to realize by Lemma 2.1 that uv ∼ E v, if u is a unit and v ∈ Um r+1 (R) (being of even length).
The group structure
We prove that the set of "squares" 0 , a 1 , . . . , a r ) ∈ Um r+1 (R)} has an abelian group structure if r is even and 2r ≥ d + 1. We also prove that the set of "fourth powers" 0 , a 1 , . . . , a r ) ∈ Um r+1 (R)} has an abelian group structure if r is odd and 2r ≥ d + 1. The main reason for the restriction on the size is due to the following lemma.
Lemma 3.1 ((Mennicke-Newman) [21], Lemma 3.2). Let R be a commutative ring of stable dimension less than or equal to 2n − 3 for some n ≥ 3. Suppose that finitely many orbits under E n (R) are given in Um n (R). Then one can choose orbit representatives in such a way that for any two orbits, the chosen representatives differ at most in their first coordinate.
We now prove the lemma which is needed to establish the group structure. 
Lemma 3.2. Let
By direct computation, one gets
If r is even, by Lemma 2.1,
Thus by Key Lemma 2.6, there exists an ε 1 ∈ EUm r (R) such that
where
T . By direct computation, one gets
If r is odd, via. Lemma 2.1, Lemma 2.2 and Lemma 2.3, a 2 , a 3 , . . . , a r ) . Thus by Key Lemma 2.6, there exists an ε 2 ∈ EUm r (R) such that
where w is such that (a 0 c Let a 0 , a 1 , a 0 , a 1 , c 0 r is even and (a 0 , a 1 , v 1 ) ∼ E (a 0 , a 1 , v 1 ), (c 0 , a 1 , v 1 
Proof. Let r be even. Via Key Lemma 2.6, it is enough to prove that if there are ε 1 , ε 2 ∈ EUm r (R) such that ((c 0 , a 1 , v 1 
then there exists an ε 3 ∈ EUm r (R) such that 2 , a 1 , v 1 ), w 2 ) .
By the normality of EUm r (R) in SUm r (R) (see [7] , Corollary 3.6)
for some ε ∈ EUm r (R). By Lemma 3.2, there exists ε 4 , ε 5 ∈ EUm r (R) such that
. When r is odd, by the same argument as above, one gets
for some ε 7 ∈ EUm r (R) and ε 8 ∈ E r+1 (R). Hence (a 0 c 2 0 , a
Note that ε ∨ 7 depends on the splitting one chooses of ε 7 and by Lemma 2.9, if one changes the splitting of ε 7 and reverses it. Then one gets,
for some unit u ∈ R with u 2 = 1. By Lemma 2.1 and Key Lemma 2.6, as r is odd, one gets
for some ε 7 ∈ EUm r (R). Lemma 3.4. Let a 0 , a 1 , x 0 , b 1 , c 0 , y 0 
Consequently, * and * are well defined operations.
Proof. Suppose r is even. By Mennicke-Newman Lemma 3.1, one can arrange 
